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A general theory of uniform approximation with rational functions having
negative poles is developed. An existence theory is given and local characteriza-
tion and uniqueness results are developed. Algorithms for computing these
approximants are given, together with numerical results.

1. INTRODUCTION

Let I1,, denote the space of all real algebraic polynomials of degree less
than or equal to m. For m = 1, 2,..., define #%,, by

R = {R=P/Q: Pell, ,, Q) =[] (gx + 1), g; = 0 for all ig
i=1

L4

and %,, by
Hn ={R = P|Q: Pell,_,, O(x) = (gx + 1), q > O}

Let [0, o] be an interval where o = o0 is permissible (in which case
[0, «] = [0, o0)). Let fe C[0, a], where we shall assume that lim__,, f(x) = 0
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if o = oo. In this setting, we wish to study the following approximation
theory problems: Find

Am(f) = lnf{Hj — R “Lm[ﬂ.m] ' Re '%m} (1])
and
pnf) = i0f{lf — Rl oy * RE Ry} (1.2)

The motivation for this study is a recent paper of Saff et al. [7], where it is
shown that there exists a sequence {R,,}o_;, with R, (x) = P,,_,(x)/(1 + x/m)™,
P, ,ell,_,, such that

3 - 2(2)1/2 < 'lnl_l;l; ” e—x - Rm ”}‘é""[‘o,m) < %

That is, {R,(x)} converges geometrically to e=* on [0, o). In addition,
since the poles of R,(x) are all real it follows that R,(z) must converge
geometrically to e~* in an infinite sector symmetric about the positive
x-axis [8]. An application of this theory is in the construction of numerical
solutions for solving linear systems of ordinary differential equations which
arise from semi-discretization of linear parabolic partial differential equations
(see [1, 7]). For example, as described in [7], consider the numerical solution
of the linear system of ordinary differential equations

4‘:1~(t—’)= —Au(t) +k, t>0,

3
U(O) = Uy, (] )

where u(?) = [uy(t),..., u,(¢)]” is a column vector with n components and 4
is an (n X n) positive definite symmetric matrix. The integer n is related
to the mesh size of the discretization and can be large. The solution to
(1.3) is given explicitly by

u(t) = A%k -+ exp(—tA){uw, — Ak} (1.49)

for all 1 >0, where exp(—t4) = 3. _,(—tA)/v!. For computational
purposes one must approximate exp(—4t4). In [7] this is done by using
R,.(4t4) = (I + (At/m) A~ P,_,(4tA), where P,,_, €Il,, | is the solution
to inf{|| e=* — P(x)/(1 4+ x/m)™ ||1wlo.): P € L1, 1} = p,, . That such a P,_,
exists and is unique follows from the theory of best uniform approximation
with Haar subspaces; it can be calculated via the standard Remes algorithm
if one works on [0, 6] with & sufficiently large. One then computes approxi-
mations w to u(r 4¢) for »r = 1, 2,..., where w'® = n; and

W = AT A Ry (At WD — A7), (1-3)
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Because of the special form of the denominator of R,, , w!" can be obtained
from the repeated inversion of

I+ tfmy g, =8, 0<I<m-—1 (1.6)

m times with go= (I + (dt/m) A)Y*Ak + P, _(AtA)}{w'" 1 — 4-k}. Nume-
rically, this method is attractive in that an LU factorization can be done for
I + (4¢/m) A once and then g,, = w'” can be calculated by performing a
forward substitution followed by a backward substitution = times. In
addition, the matrix I + (d¢/m) A will be a band matrix since 4 will have a
band structure inherited from the finite difference formulas used.

Thus, one is motivated to construct a similar numerical method built
around a “solution” R} e Z,, to (1.1). Hopefully, the increased accuracy
of approximating e~ with R will allow for a smaller choice of m in dt/m.
The apparent disadvantage of this method compared to that described above
is that w'" is now found by solving

ﬁ I+ g AtA)% wr

i=1

ﬁ d+ g AtA)‘ A7k + P (dtA)fwrD — 4%, (1.7)

i=1

which will involve increased computation, where RX(x) = PX_,(x)/
ITies (gsx + 1). We say apparent disadvantage since our numerical results
suggest that RX € 4,, . That is, RX appears to give a rise to the same sort
of method as corresponding to R,, with increased accuracy for no additional
effort. In fact, this is known to be true in theory also, for the case that m = 2
[4] (R. S. Varga has informed us that this has also been done independently
by A. Schénhage.) We will return to this case later.

In the next two sections we shall prove an existence theorem and local
characterization and uniqueness results for both %,, and #,, , and consider
the special case of approximating e~* on [0, o) from %,, . Then we shall
describe an algorithm for computation with these spaces and give some
numerical results. Finally, we will close the paper with a listing of some
open problems.

2. THEORETICAL RESULTS

We begin this section with a proof of existence of best approximations
from %,, for each fe C[0, a}.

THEOREM 2.1. Fix fe C[0, a] then there exists R* € &, for which
| f — R*|| =inf{|f — R||: R€ %} where | || = || * ||Leol0.a] -
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Proof. Let us assume that f¢ Z#,,, 0 4%, is not a best approximation
of f (ie., |fll > Au(f)) and that max{f(x): x € [0, «]} = || f|l. Note, if this
last condition is not met then we replace f by —f and proceed as below.
Thus, there exists a closed interval [a, b], b > a, such that [a, b] C (0, o],
b is finite and min{f(x): x € [a, b]} =y > A (f). Let x, = (a + b)/2 and
select {Ri}i_y = {Pr/Qu}i—y C #m such that (y + A)/2 = [ f — Rell — A
as k — o (A, = A,(f)). Thus,

S0 = T2 < Ry <)+ L @1

for all x € [0, a]. Now, let us normalize R,(x) by requiring that Q,(x) =
ITie, (@ — x,) + 1) where 0 < ¢f® < 1/x, . Note that this can be done
since Q,(x) is known to have all negative roots. Thus, if Q(x) = [Ti.(x - r.),
p <<mandr, <O0forall i =1,.., p then we may rewrite it as

0 = ([T = ) T [(525) & = %0 + 1]

i=1

Set gi¥ =1/(xg—r;) for i=1,.,p, ¢¥ =0 for i=p+1,..,m and
note that r; < 0 implies that 0 < ¢/ < 1/x, for i = 1,..., p. Finally, the
constant (T];_, (xo — r;))~1 is to be incorporated into P,(x).

Since fis bounded, we have from (2.1) that there exists a constant M > 0
independent of k& such that for all x € [0, «]

—M < Rx) < M. 2.2)

Since {g{"}7*y5, C[0, 1/x,), we may extract convergent subsequences
(relabellmg) such that ¢/® — g, €0, 1/x,] for i =1,.., m. Note that if

= 1/x, then gy(x — x¢) + 1 reduces to x/x,. Thus, Q;(x) converges
uniformly to Q on compact subsets of the real line. Now, (2.1) restricted
to [a, b] gives that there exist constants ¢, , ¢, both positive and independent
of k such that

Q%) < Pux) < ¢:0u(x) (2.3)

for all x € [a, b]. Now, for x € [a, b] and g{® € [0, 1/x,] we have that

Wy 1 _a+b . 2b

g xo)+l<x0(b )+ 1=
and

W, _ 1/ a+b _ 2a

=z +1> ¢ (a— 257 ) +1 =5
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Thus, by (2.3) there exist positive constants 4, , A, independent of k,

2a \™ 2b ™
h=algyig)s A-alzTg)
such that
A; < Py(x) < 4, 24

for all x €[a, b]. By compactness of bounded subsets of I7,_,, we may
by (2.4) extract a convergent subsequence of {P,} (relabelling) such that
P, — Pell,_, uniformly on compact subsets of the real line. By (2.2),
we have for all x € (0, «], that

—M < PX)/Q(x) < M (2.5)
since Q(x) > 0 for each x € (0, «]. But (2.5) implies that P(x) must have the
same (or greater) order of root at 0 as Q(x). Thus, Q(x) can have at most

m — 1 factors of x/x, and upon canceling out common factors of P and Q,
we have that the resultant P/Q € Z#,, . Also, for x € (0, «],

M Py(x)
(x) Oxl(x)

Thus, by continuity || f — R|| < A,,, R = P/Q € #,, , completing the proof. |

) = i | = lim [ ) = <lmlf = Rell = A

The same proof also establishes

COROLLARY 2.2. Let fe C[0, a]; then there exists R*e %, such that
If— R*|| = pm(f)-

Also, we would like to observe that existence when o = oo actually
holds for all fe C[0, o) for which lim,. f(x) exists and is finite by the
above proof. This is so since in the case lim,_ ., f(x) = || f|l and | f(x)] < f|
for all x € [0, o) then for n sufficiently large the interval [n, n 4 1] can be
used for the interval [a, b] provided 0 is not a best approximation to f.

Now, we wish to study the space %,, . In what follows we shall prove a
local characterization and local uniqueness theorem for this space.

DEFINITION 2.3. R(x) = (py + pox + - + pux™V/(gx + )" e X, is a
local best approximation to fe C[0, «] on [0, «] if there exists & > O such
that if R(x) = ( By + Pox + -+ ++ Ppux™Df(Gx + )" € A and | p; — pi | <8,
i=1,..,m and |g—gq| <8 then |f(x) w_R(x)ll < f(x) — R®)|. In
addition, if strict inequality holds whenever R(x) == R(x) then R is said
to be locally unique.

Before we can prove our local characterization theorem, we must prove
two lemmas. The first lemma states that #,, has a local Hermite solvency
property of order one.
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LemMa 2.4. Suppose R(x) = P(x)/Q(x) = (p1 + Pox + =+ + Pux™ D)/
(@x + D™ € &,, is nondegenerate (i.e., P == 0 and P and Q have no common
factors) and § >0. Let 0 <my, <my and my, + my = m + 1. Suppose
{732 C 0, o) with §; < J;.q for all i and {i, ,.. zm} C{1,..., my}. Then there
exlstS > 0and 6, > Osuchthatif |y, — y; | < 1andlz — R(7)| <8, for
i=1,.,m,, iyl,_ Vi, | < 8, and |z; — R’ (y,i)] <8 for j=1,.,my,
then there exists exactly one R(x) = P(x)/Q(x) = (py + poX + *** pmx™ )/
(gx + Dme B with | p, — b, | <8, v=1.,m g—q| <8 R(y) =1z,
i=1,.,my, and R'(y;) =z, j = l,...,my . Furthermore, with the above

restrictions py ..., Pm » q depend continuously on the variables y; y{j y Zis Zj

Proof. This result follows from an application of the Implicit Function
Theorem. Thus, one forms the system f,(a) =0, p = l,...,m + | where
a = (pl EARAS] pm s q’ Y1 seees ym2 s y{ ERRRES y;nlﬁ 21 9eres Zm2 ’ ‘{ 3000y Z, )’ /;(a) -
it P = Dz, =L, my andfm (@) =@y, + 1)
(po+ -+ (m— 1) pu(y )" — mg(p, + pm(yu)’" 1~ (qv. + 1)’”“2
w = 1,..., my . Observe that the point a; = ( Py ooy P > G, Jy »- s Yy s Fa s
Vimy » R( yl) , R(Fnm D> R'(y; Do , R'(y Vim, )) satisfies this system. Thus since
each functlon of this system has continuous first partials with respect to
each of the variables of a (or components) we need only prove that Jacobian,
J(a), of the system with respect to p, ,..., p, , ¢ has a nonzero determinant
at a = a,. Now, by using the equalities z; = R(j;) and z; = R'( ¥:) and
adding (m - 1) § times the vth row to the pth row where u > m, and
Vo = Viu_m, » det(J(ap)) becomes

_ - - Py
1 e — My
. y.l ,V1. V1 ((iyl T
_ e PGy
1 m v z ! - m bTm‘—
Ve, Ve " G, + D
g 4y, + @y, + 1) - gy Y m—1) —m¥; P'(7:)
X )7?;_2@)7171 + 1 — mP(y,)
q qJ_}iml + (CYJ_’iml +1 ‘7}71',,, +(@m—=1 —:'"fzmlpl(}_’iml)
X 37, @y, + 1 — mP(§;,)

Assuming that m, > 0, replace i, in the (m, + 1)st row by ¢ and set G(t)
equal to the resulting function of 7. Note that Gell, ; and G( Vi) is
det(J(a,)). Define H(z) by H(t) is det(J(a,)) with the (m, + 1)st row replaced
by (gt + 1), t(gt + 1),..., t™Ygt + 1), —mtP(t)). Note that Hell,,
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H'(¢)=G@)and H(},) =0,v = 1,....,my, H(7;) = 0,j = 2,..., m, so that
H has m zeros counting multiplicites. Thus, if H = 0 then H can have no
more zeros. Hence, if we can show H = 0 then it will follow that H'(y; ) # 0
and so det(J(a,)) # 0 as desired. Now H(—1/g) = (—1)™*™ (m/q) P(——l /@) D
where D is the determinant obtained from det(J(a,)) by deleting the (m + 1)st
column and the (m, + 1)st row. Since P and 0 have no common factors
we have that P(—1/g) # 0. But now adding (—¢) times the vth row to the
pth row where p > m, and y, = JViy-m, (note the row containing j; is
gone from D, this is applied to the rows containing j;_,..., y,m) and then
factoring out (qy, + 1) from row my +p — 1, p = 2 -y ‘shows that
D equals a nonzero constant times a determinant which is known to have a
nonzero value. A similar proof works for the case that m; = 0 (no derivatives
present). In this case one simply replaces ¥, in the first row by ¢ and proceeds
as above without referring to derivatives. Finally, to guarantee that R € %,
we require that § << |g|. |

Lemma 2.4 gives a pointwise local solvency property when m, =0,
pointwise in the sense that the 8, and 8 depend upon the points at which
the functions are being evaluated. In order to prove the necessity of our
local characterization we need the following zero-counting property. Here
we shall assume that & > 0 is finite, & < a.

LeMMmA 2.5. Let R(x) = P(x)/0(x) = (py + *** + Ppx™V)/(Gx + )€ R,
be nondegenerate and g > 0. Suppose 0 <j, <y, <" <Jnp <& and
Je[0, ] —{ V1, V). Let 6, >0 and 8 >0 be chosen corresponding
to P/Q and the point set { j, ,..., Vm , V} according to Lemma 2.4 with m, = 0.
Fina”y’for all g, l g i < 81 > let R,_.,(X) = Po(x)/Qa(x) = (Plcr + pmoxm_l)/
(g.x + 1) be the unique function € &, which satisfies R.(y;) = R(7,),
i=1,..,mR(7) =R()) + 0, pic— P:| <8,i = L,.,m,and | q, — q | <3.
Then there exists 8, > 0 such that if 0 <<|o| < 8y, then the only zeros
of R, — R in [0, &] are ¥, ,..., ym and R, — R changes sign at each of these
that are in (0, &).

Proof. Suppose not. Then there exists o; — 0, o; 7 0 for all j such that
R, — Reither has an additional zero at y, € [0, &] ~ { Ji ,..., Jm} OF R, — R
fails to change sign at one of the points y, € (0, &). In both cases we write y,
for the additional zero with the understanding that y, =y, for some /
means that R, — R does not change sign at y, in this case. By passing to a
subsequence, we may assume that y, — y* €0, &] where here we are using
our assumption that 4 is finite. We now consider two cases.

Case 1. y*¢{y,)7,. Choose 6f >0 and 8* >0 corresponding to
P/Q and the pointset { 7, ,..., ¥m , ¥*} according to Lemma 2.4 with m, = 0.
Then for j sufficiently large we have that |y, — y*| < 8f, | R, (¥,) —
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R(y*)] < 8ik’ |Pia- - ﬁll < 8*’ fOI' = 19"-, m and [ qoj- - q l < 8* SinCC
the parameters pll(, yees Pmo » q depend continuously upon the remaining
parameters (so that R, converges uniformly to R on compact subsets of
[0, ®)). Now, R, and R agree at the points J, ,..., ym , ¥,, s0 that by the
uniqueness part of Lemma 2.4 we must have R , = — R which is a contra-
diction since R,(¥) # R().

Case 2. Suppose y* =7y, for some /. Choose &6f >0 and &* >0
corresponding to the point set { 7, ,..., .} according to Lemma 2.4 with
my, = 1and i, = /. Then for j sufficiently large we have that | y,. — yi; | < 8f,
| R'(y) — R'(y)| < & for all y in the closed interval /; with endpoints
Yo, and yi, | pis, — — Pl <8 i=1,. mand]q,,—q|<8* Now from
the fact that R, — R’ is continuous on I; and R, oy = R vanishes at Yo, and y,
we have by Rolle s Theorem that R, — R’ vanishes at some pomt yl el;
provided Yo, # V- If Yo, =Wt (for some j) then y,€(0, &) and we have
that R — R’ is zero at y. since R, — R does not change sign at this point
in this case. Thus, yl e I; with R (y,) —R(y,) in either case. Also,
|y, — 7] < 8f and | R, (J’z)_R(.Vz)| —"IR(YL)“R(.Vt)l < 8f. Thus,
by 'the uniqueness part of Lemma 2.4 we must have that R, = = R for j
sufficiently large since these functions agree at j, ,..., j,, and their derivatives
agree at y{j , which is our desired final contradiction. |

With these results we are now ready to prove our local characterizing
theorem which is an alternation-type result.

THEOREM 2.6. Let m > 0. Then a nondegenerate R(x) = (p, + - +
Pmx™V))(Gx + 1)™ € R, withq > 0 is a local best approximation to f € C[0, «]
on [0, o] from &, if and only if the error curve E(x) = f(x) — R(x) has at
least m + 2 alternating extreme points. (If o = o, then we require
lim,, . f(x) = 0.)

Proof. The necessity of this alternation now follows by the arguments
of Theorem 7.3 [6, pp. 10-12] for varisolvent functions (m -+ 1 is the number
corresponding to the degree of varisolvence there). Lemma 2.5, above,
is needed for constructing a better approximation that R when R has less
than m + 2 alternating extreme points. If 0 and « are both extreme points,
a straightforward extension of Lemma 2.5 may be needed. For the case
that o = oo, we note that since both f and R tend to 0 as x — o0 we may
replace [0, o) by [0, &], & finite such that for x > 4, | f(x)] + |[R(x)| < pn(f)/4
(assuming p,.(f) > 0, i.e., f¢ #,). Since the points at which R, will be
constructed will be in [0, &] and the coefficients of R, converge to the
respective coefficients of R as ¢ — 0 we can also guarantee that | R,(x)| <
wn(f)/2 for x = & when ¢ is sufficiently small. Thus, we need only work
on [0, &] and hence the proof given in [6] will apply. Finally, we observe
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that the constant error curve difficulty for varisolvent families as described
in [2] does not occur here, since #,, is closed under scalar multiplication.

For the sufficiency, suppose R(x) = (P; + -+ + pux™)/(Gx + )" e %,
is nondegenerate, § > 0 and f(x) — R(x) has m -+ 2 alternating extreme
points at y; ,..., Yo Where 0 <<y, <y < < Jye < o (Juye finite).
If R is not a local best approximation, then for each §; > Q we can find
R(x) = (pyy + = + pux™ D/(g;x + D" € A, such that [/ — R;|| <
If =Rl |pi — P | <8, i=1,.., m and | ¢, —q| <3§;. Let 5, >0
and let {R;} be a corresponding set of functions in #,, where we shall assume
that | f — R;|| <|f— R|| and R; % R rather than || f — R;[| <[ f— R].
We shall show that this leads to a contradiction, proving our desired result
and also that R is locally unique. For each j, let y,; be a zero of R; — R
in [ p;,¥il, i = 1,..., m + 1. By going to subsequences, we may assume
that y;; — yf €[ J;, J.,1] where we observe that yf = yf; is possible for
some i, but yf = y¥, = y¥,, can never occur. Similar equalities are possible
for {y;}r4! for each j and if y;; = y;,,,; for some i and j, then R, — R
and R; — R’ vanish at y,;. Suppose that for some i, | <i<m + I,
¥§ = y¥1 (= Jisy). Then, if for some j y;; # y;., ; then by Rolle’s theorem
there exists y;; € (yy; , Yiia.y) such that Ri(yi)) = R'(yi)). If vy = Viiry = Pinr
then R(¥,.1) = R'(¥.41) and we define y;; =y,,, in this case. Thus,
Yi; = Yiy1 as j — co. However, this implies that for sufficiently large j we
must have R; = R by Lemma 2.4 which is our desired contradiction. Indeed,
there are two possibilities to be considered.

Case 1. yf <yy < - <yrx,.In this case we apply Lemma 2.4 with
m, = 0 to P/Q with respect to these points (i.e., y; of Lemma 2.4 is y})
with y; of Lemma 2.4 setequal to y;;, i = 1,...,m + 1, jfixed, and z; = R(y;;),
i =1,..,m+ 1. Then, for j sufficiently large we have that R; satisfies the
conclusion of Lemma 2.4 (i.e., coefficients of R; sufficiently close to respective
coefficients of R and R,(y;;) = z; with | y;; — yf | and | z; — R(p¥)| small).
But R also satisfies the conclusion of Lemma 2.4 and since both R and R, € #,,
we have by the uniqueness of Lemma 2.4 that R; = R.

Case 2. yf = Y s Vo, = Y41 - In this case we apply Lemma 2.4
with m, = [ to the points {#, ,..., Jm_111} (a listing of the distinct points
of y{,..., ymi1) and the points { j, ..., ¥ }. Letting u, be the first index v
such that y,,, — 7, as k — o0, i = 1,..., m — [ + 1, we take the y; of Lemma
2.4 as y,, (k fixed) and z; = R(p, ), i = 1,..., m — I+ 1. We also take
the y; of Lemma 2.4 as y, ; (see definition just prior to case 1 of this proof)
and z; = R'(y, 1), j = 1,..., l. The desired result then follows immediately
as in Case I, with k playing the role that j did in Case 1. |}

COROLLARY 2.7. Suppose R(x) = P(x)/Q(x) = (py -+ = + Pwx™ Y/
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@x + D™ e R, is a local best approximation to f(x) from #,, on [0, o]
and R is nondegenerate with § > 0. Then, R is locally unique.

COROLLARY 2.8. If R(x) = (Py + = Pmux™)/(@x + " € R, is a best
approximation to f(x) from #,, on [0, «], R is nondegenerate and § > 0, then
J(x) — R(x) has at least m + 2 alternating extreme points.

The converse of Corollary 2.8 is most likely false since in the m =3
case, f(x) ==¢* and o = oo we have essentially at least two best local
approximations: Ry(x) == (1.00805 — 0.27010x + 0.01447x%/(0.27127x + 1)
with error norm 8.05002 x 103, achieved at the extreme points 0, 0.462,
2.178, 6.876 and 37.250 (with e — Ry(x) < 0 at 0) and R,(x) = (0.98663 +-
2.52827x — 0.44972x%)/(1.05109x + 1)® with error norm 1.33720 x 1072,
achieved at the extreme points 0, 0.172, 0.872, 2.950, 13.226 (with
&° — Ry(x) > 0 at 0). These approximations were computed over a 20,001-
point equally spaced grid imposed on [0, 40]. Although coefficients given
above rounded, using the actual coefficients computed the absolute errors
at the extreme points in each case agreed to at least 15 significant figures.
It seems very likely that a theoretical argument can be given starting with
these two functions to show that at least two distinct local best approximations
exist for this problem.

We can extend some of our results for %,, to the other possible con-
figurations of the denominator of members of #,,. If m,,..., m; > 0 and
my 4 - + m, = m, we define #,, m, = {R = P/Q:Pell, ,, Ox) =
(g1x + 1)y™ - (gx + )™, 0 < g, < <gq. Although in general we
cannot expect existence of best approximations from @ml ,,,,, m, since the
set of allowable coefficients is not closed, we have

THEOREM 2.9. Let I >0, my,...,m;, >0, and m; -+ -~ m, = m. Then a
nondegenerate R(x) = (B + = + Pux™ D@ux + ™ - @x + Dy e
sz m, with g, >0 is a local best approximation to fe< C[0, «] from
:%‘ml ,,,,, m, if and only if the error curve E(x) = f(x) — R(x) has at least
m + I+ 1 alternating extreme points. (If « = oo, then we require
lim,., f(x) = 0). Furthermore, in this case R is locally unique.

.....

The proof of this theorem requires only proving the analog of Lemma 2.4
for B . m, - This proof is more involved than the proof of Lemma 2.4,
but follows the same lines; the variable row of H(¢) turns out to be
(@t + D) (@t + Doy tm7HGn2 - 1) - (G + 1), —myt(Gat + 1)
@t + 1) P@t),..., —mut(@t + 1) = (Gaent + 1) P(2)).

As two consequences of this result we note first that if a nondegenerate
best approximation R to f from £,, with all denominator coefficients positive
is such that f — R has only m + 2 alternating extreme points, then Re %, ;
second, if a nondegenerate best approximation R to f from Z,, has all its
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denominator coefficients positive and distinct, then R is actually the unique
best approximation to f from #7'[0, o] = {R = P/Q: Pell,_,, Q€ell,,
Q > 0on [0 ,a]}.

So far we have always constrained the numerator polynomial to lie
inIT,_,, but if we replace I1,,_, by I1, and replace m by n + 1 in all expres-
sions of numbers of alternating extreme points, then everything still goes
through as long as n <<m or a << 0. If n = m and o = o0, we conjecture
that the results still go through if lim, ., f{x) exists and is finite; in this case
oo may be an extreme point in the alternation theorems.

3. RESULTS FOR f(X) = &% AND a0 = ©

In this section we describe the preceeding theory for the special case that
f(x) = &® and « = co. It was this special case that motivated this general
study and a report on this special case can be found in [4]. By the preceding
section we have that there exist best approximations to & on [0, c0) from
both #,, and #,,. In addition, for the space #,, we have an alternation
characterization of local best approximations and know that a local unique-
ness result holds. As seen from the example at the end of the previous
section, we conjecture that there may exist more than one local best approxi-
mation in this case as well as at least one global best approximation. Whether
or not there is precisely one global best approximation is not known.
Finally, we conjecture that there is a best approximation to & from %,
which is actually in %,, . In fact, we believe that each best approximation
to & from &, is in %, (if more than one exists). We have proved this
stronger statement in the case that m = 2 [4]. Also, observe that the numerical
results given in [4] support this conjecture.

4. COMPUTATIONS

Our algorithms for computing approximations from #,, and #,, involve
linearizing the denominator by Taylor’s theorem and setting up an iterative
procedure, using a combination Remes-differential correction algorithm
to compute an approximation at each inner stage. For #,, set g(¢y,..., gm, X) =
[Tiei (gx + 1) and define (g »-..r G » X) = X [Liny 1, (gex + 1) for j =
L"“’ m, _ ¢0(q1 seees Gm s x) = g(‘h seves G s x) - Z:il qvlﬁv(ql reees m s x)- If
R(x) = P)TTia@x + 1), 0<§, <G, < - < §, is an approximation
to f(x) at some step in the algorithm, then a new approximation
R(x) = (py + p1x + - + pux™DTT;o1 (g:ix + 1) is found by calculating
Do sy Pm—15 G155 Gm to minimize Hf(x) - (P() + px + ot pmx'm—l)/
(qll)l'l(q—l 3tees qﬂm > X) + + qm‘pm(‘?l ERRAE] ‘jm ’ X) + 900(61 Ehai4 ‘jm ’ X))H over a
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finite subset T of [0, «], with the restrictions 0 < g, <@, < " <qdm < B
(where B depends on the approximation desired). The ordering restrictions
1 < gy < -+ < g, were found to be necessary to obtain convergence.
Observe that the denominator in this problem is precisely the linearization
of g(4; ..., ¢m , X) via Taylor’s theorem applied to the first m independent
variables. The Z,, algorithm uses the same approach; the linearized deno-
minator for this algorithm is ¢gmx(gx + D™ + [(I — m)gx + 1] X
(@x -+ D™t = qu(g, x) + (G, X).

If « is a large finite number or a = oo (in which we case we consider
[0, &) instead of [0, o) for some large finite &), and we wish to use a fairly
fine mesh in order to get an accurate approximation over [0, «], then card(7)
will be large. Since this leads to a large and difficult linear programming
problem and can cause storage problems in the differential correction
algorithm we used the Remes-Difcor algorithm [3] for calculating the
linearized minimum. This algorithm applies the differential correction
algorithm to certain small subsets of T chosen in such a manner (depending
on alternation) that convergence to the solution on 7 occurs. Thus, we had
no a priori guarantee that this would work since a standard alternation
theory has not been developed for this problem; however, in most cases
both inner and outer algorithms converged and we obtained approximations
satisfying Theorem 2.9. Although a precise study of these algorithms remains
to be done, we conjecture that the #,, algorithm will converge (assuming the
convergence of the inner iterations) if the initial guess for the denominator
coefficient is sufficiently good. We make no such conjecture for the %,
algorithm as presently constituted, since if g; = §;,, at some stage, then
Yl G1 sves G » X) = Yi01(dy 5> G » X), and the g, and g,,, at the next stage
will not be uniquely determined. In practice the Remes-Difcor algorithm
has chosen ¢; and ¢,., at the next stage so that either ¢, = ¢;,_, (or g; = 0
ifi=1)or gy = qip (0r i1y = Bif i =m — 1).

As an example, consider the problem of approximating the function f
on {0, 20] by functions of the form

P1 T Pox
(g2x -+ D(gox + 1)(gsx + 1)

with 0 < gy < ¢ < g3 < 10, where f'is defined by

f(x) =6.7x — 9, 0<x<1,
29 49
—3—03(3—3, 1<x<2,



376 KAUFMAN AND TAYLOR

173
—3-0‘6)(—-364, 4<X<8,
661 1979
32,653 29,341 16 < x < 20

= 65,340 * T 32,670°

Applying the #,, algorithm with m = 3, replacing /1, in the numerator by 11, ,
we obtained

1.00000x — 10.00000
(0.25000x + 1)(0.50000x + 1)? °

Ry(x) =

In accordance with Theorem 2.9 and the remarks following that theorem
there were five alternating extreme points; these occurred at 0, 4, 8, 16,
and 20, with f(0) — R,(0) = 1.000000000. This was obtained using the
actual denominator coeflicients as the initial guess; using instead the initial
guess g; = 0.23, g, = g; = 0.55 produced ¢, = 0.24637, g, = q; = 0.50256
after one iteration, but the next iteration produced ¢, = g, = 0.25000,
g; = 0.75000, the following iteration produced ¢, = g, = 0.31250, ¢; =
0.62500, and the algorithm failed to converge after 12 iterations. Starting
with initial guess §; = g, = 0.31869, g; = 0.50216 (these were obtained by
running the algorithm for 12 iterations with initial guess g, = 0.1, g, = 0.4,
g, = 0.7), after 4 iterations we obtained the local best approximation

1.00011x — 10.00000

Rix) = @31578x 1 D (0.6285%6x 1 1)

the extreme points were 0, 4, 8, 16, and 20 with f(0) — R,(0) = 1.000002717.

We also approximated the same f on [0, 20] using the %,, algorithm with
m = 3, again replacing I, in the numerator by II;. Using either initial
guess § = 0.2 (this required 7 iterations) or § = 0.6 (6 iterations) we obtained
the local best approximation

0.92290x — 9.22429
©.38772x + 1 °

Ry(x) =

the alternating extreme points were 4, 8, 16 and 20, with f(4) — Ry;(4) =
—1.000011692. Using as initial guess § = 1.4 (8 iterations), § = 1.8 (11
iterations), § = 4.0 (8 iterations), § = 6.0 (8 iterations) or § = 8.0 (9 itera-
tions) we obtained the local best approximation

—112.16689x — 7.94741

R = 760005 T 1F °
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the alternating extreme points were 0, 0.12, 4, and 8, with f(0) — R,(0) =
—1.052593329.

All computations were done on a UNIVAC 1106 (which has roughly
18 decimal digits of accuracy in double precision), and for each of the
functions R, , R, , Ry, and R, the absolute values of the error at the extreme
points agreed at least to the accuracy printed out (10 significant figures).
For further numerical results see [4].

5. OPEN QUESTIONS

We list some open questions, some of which were mentioned earlier.

1. Conjecture: The best approximation to &* on [0, «] from %, is actually
in 4, (for all & > 0 or for all « sufficiently large and a = o).

2. Characterize those functions for which the best approximation from
X, is actually in Z,,, .

3. Compute the constant of geometric convergence for dist(e®, £,,)
on [0, o©); that is, find ¢ > 1 such that lim,,,. [dist(e%, Z,)P/™ = 1/q.
Is ¢ = § where § is the geometric constant defined by lim,,..[dist(¢%, P(x)/
(1 + x/my™]/™ = 1/§, where P(x) ranges over II, ; and 0 <<x < o
(see [7]).

4. What is the situation with regard to alternation if a local best approxi-
mation is degenerate? For example, suppose R(x) = (p; + p.x)/(gx -+ 1)?
with § > 0 and gx 4+ 1 is not a factor of p, 4 p,x. Then 4 alternating
extreme points are necessary if R is to be a local best approximation to f
from #,, but probably not sufficient. Are 5 alternating extreme points
necessary and/or sufficient ?

5. What is the situation when # > m and o = oo (see the conjecture
at the end of Section 2)?

6. Conjecture: If the denominator doefficient is chosen sufficiently
close to that of a local best approximation from #,, , then the %, algorithm
will converge to it (assuming the inner iterations converge).

7. How many local best approximations are there?

8. When will global uniqueness occur?
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